Abstract. We give a characterization of a class of band-limited wavelets of L 2 (R) and show that none of these wavelets come from a multiresolution analysis (MRA). For each n ≥ 2, we construct a subset Sn of R which is symmetric with respect to the origin. We give necessary and sufficient conditions on a function ψ ∈ L 2 (R) with suppψ ⊆ Sn to be an orthonormal wavelet. This result generalizes the characterization of a class of wavelets of E. Hernández and G. Weiss. The dimension functions associated with these wavelets are also computed explicitly. Starting from the wavelets we have constructed, we are able to construct examples of wavelets in each of the equivalence classes of wavelets defined by E. Weber.
Introduction
A function ψ ∈ L 2 (R) is said to be an orthonormal wavelet, or simply a wavelet, if the system of functions {ψ j,k : j, k ∈ Z} forms an orthonormal basis for L 2 (R), where
A function ψ ∈ L 2 (R) is a wavelet of L 2 (R) if and only if ψ satisfies the following four conditions: ψ to be a wavelet, it is necessary that ψ 2 = 1. With this assumption on ψ, the following theorem was proved independently by G. Gripenberg [3] and X. Wang [11] (see also [4] ).
Theorem 1.1. Let ψ ∈ L 2 (R) with ψ 2 = 1. Then ψ is a wavelet of L 2 (R) if and only if ψ satisfies (1.1) and (1.2).
For a proof of this theorem we refer to Chapter 7 of [5] . It was observed in [1] that the orthonormality of the system {ψ j,k : j, k ∈ Z} is characterized by (1.3) and (1.4) , and completeness by (1.1) and (1.2) (see also [5] ). A consequence of Theorem 1.1 is that equations (1.1) and (1.2), along with the assumption ψ 2 = 1, imply the equations (1.3) and (1.4) .
If ψ is a wavelet, then the support ofψ must have measure at least 2π. This minimal measure is achieved only when |ψ| is the characteristic function of some measurable subset K of R. Such a wavelet is called a minimally supported frequency (MSF) wavelet and the associated set K is called a wavelet set. We refer to [5] for proofs of the above statements.
A function is said to be band-limited if its Fourier transform has compact support. The simplest example of a band-limited wavelet is the Shannon wavelet whose Fourier transform is the characteristic function of the set S = [−2π, −π] ∪ [π, 2π]. Lemarié and Meyer ([7] , [9] ) constructed a band-limited wavelet belonging to the Schwartz class. This wavelet satisfiesψ(ξ) = e iξ/2 b(ξ), where b is an even, nonnegative "bell-shaped" function and its support is equal to the set [− ′ > 0 and ǫ + ǫ ′ ≤ π, so that this class includes the Lemarié-Meyer wavelet as a particular case. Later, in [6] (see also Theorem 4.1, Chapter 3 of [5] ), the restriction on ψ (i.e., |ψ| is even and continuous) was removed and all wavelets with Fourier transform supported in [− This article is organised as follows. In §2 we construct a set S n for each n ≥ 2, which is symmetric with respect to the origin and is a union of four intervals. In §3 all wavelets with Fourier transform supported in S n are characterized. Next, in §4 we show that none of these wavelets is associated with an MRA. For a wavelet to be associated with an MRA, it is necessary and sufficient that the corresponding dimension function is equal to 1 a.e. In §5 we compute the dimension function explicitly and show that it is an even function and takes all integral values from 0 to the maximum value it attains. This provides an alternative proof of the fact that these wavelets are not MRA-wavelets. An equivalence relation on the set of all wavelets of L 2 (R) was defined in [12] . Let M n be the corresponding equivalence classes. Using the wavelets characterized in §3, we construct in §6 examples of wavelets in each M n , n ≥ 1. Finally, we construct a family of wavelets in the equivalence class M 0 .
1 In fact, they characterized all wavelets with Fourier transform supported in the set [− 8 3 a, 4π − 4 3 a], 0 < a ≤ π. It was also shown that for such a wavelet ψ, it is necessary that ψ = 0 a.e. on [− 
Construction of the set S n
Let n ≥ 2. Put a n = 2 n−1
So S 2 is the set associated with the Lemarié-Meyer wavelets. 2. As n increases, the set [a n , b n ] moves closer to 0 whereas [c n , d n ] moves farther away. Also observe that the measure of the set S n is 2
2 n −1 π which approaches 3π as n tends to infinity.
All terms in the equations (1.1)-(1.4) that characterize all wavelets of L 2 (R) involve dilations by powers of 2 and translations by integral multiples of 2π. In the following lemma, for various subsets of S n , we identify those translates and dilates which are possibly in S n . We present the lemma in a tabular form for easy reference.
Lemma 2.2. For n ≥ 3, let S n be as above, and let e n = 2 n −2
The characterization
The following theorem characterizes all wavelets ψ such that suppψ is contained in S n . The case n = 2 is Theorem 4.1 of Chapter 3 in [5] in which case the wavelets are MRA-wavelets.
. Moreover, for n ≥ 3, none of these wavelets arise from an MRA.
Remark 3.2.
1. Observe that it follows from Theorem 3.1 that |ψ| is completely determined by its values on [e n , b n ]. On this set, let b = |ψ| be an arbitrary measurable function taking values between 0 and 1. Using the relations following Lemma 2.2, |ψ| can be extented to other sets of S n with the help of properties (i)-(iv). Properties (ii), (iii) and (iv) can also be written as
has an empty interior in [e n , b n ], then θ can be chosen to be any measurable function. In particular, we can take θ(ξ) = 0.
Proof of Theorem 3.1
First let us assume that ψ is a wavelet for L 2 (R), suppψ ⊆ S n and b = |ψ|. So ψ satisfies equations (1.1)-(1.4). Consider equality (1.3) :
We use Lemma 2.2 to pick out the non-zero terms in this sum. If |ξ| ∈ [a n , e n ], then only k = 0 will contribute to the sum. So we get b(ξ) = 1 a.e., which is (i) of the theorem. For ξ ∈ [e n , b n ], we get non-zero contributions from k = 0 and k = −1.
, and we get (non-zero terms now correspond to k = 0 and
This can also be written as
Now consider equality (1.1):
For ξ ∈ [e n , b n ], the only possible non-zero terms correspond to j = 0 and j = n− 1. So we conclude b 2 (ξ) + b 2 (2 n−1 ξ) = 1. This proves (ii). Combining (ii) and (3.4) we get condition (iv). It remains to prove condition (v). For this purpose we consider equality (1.4) with j = n − 1: k∈Zψ (ξ + 2kπ)ψ (2 n−1 (ξ + 2kπ)) = 0 for a.e. ξ ∈ R.
If ξ ∈ [e n , b n ], the non-zero terms in the sum come from k = 0 and −1. Hence,
Using (iii), (3.4) and (3.6), we see that for almost every ξ ∈ [e n , b n ], the vectors ψ (ξ),ψ(ξ − 2π) and ψ (2 n−1 ξ),ψ(2 n−1 (ξ − 2π)) are orthonormal in C 2 . If we letψ(ξ) = e iθ(ξ) b(ξ), then it follows that, for some real-valued measurable function α,
for a.e. ξ ∈ [e n , b n ]. But from (ii), (iii) and (iv), we know that
So (3.7) can be written as
This shows that
for some integer-valued measurable function m. This proves (v). We now prove the converse. Suppose ψ ∈ L 2 (R), suppψ ⊆ S n and the function b(ξ) = |ψ(ξ)| satisfies conditions (i)-(v) of the theorem. By Theorem 1.1, to show that ψ is a wavelet, it is sufficient to show that ψ 2 = 1 and ψ satisfies (1.1) and (1.2). We have,
+2(e n − a n ).
By changing variables ξ → 2 n−1 (ξ − 2π), ξ → 2 n−1 ξ and ξ → ξ − 2π in the first, second and third integrals respectively, we get
where we have used (3.4) and property (iii) of the theorem. Hence, ψ 2 = 1.
We will now show that ψ satisfies (1.1). Let
Suppose ξ > 0. Observe that
A similar decomposition for ξ < 0 proves that ρ(ξ) = 1 for a.e. ξ ∈ R.
Finally, we have to show that ψ satisfies (1.2). For m ∈ 2Z + 1, let us denote the function on the left hand side of (1.2) by t m (ξ). Then
Therefore, we have only to show that t m (ξ) = 0 for a.e. ξ, if m ∈ 2Z − + 1 (negative odd integers). Suppose m ∈ 2Z − + 1 and m = −1. Let ξ ∈ R and suppose that 2 j ξ ∈ S n . Since j ≥ 0, n ≥ 2 and m = −1 and is odd, therefore 2 j m = 0, ±1, ±2 n−1 . So by Lemma 2.2, we have 2 j ξ + 2 · 2 j mπ ∈ S n . This implies that each term of t m (ξ) is zero which proves that t m is zero. It now remains to show that t −1 (ξ) = 0 for a.e ξ. We have
Let ξ ∈ R and suppose that 2 j ξ ∈ S n . Then again by Lemma 2.2,
. So the only possible j's to contribute a non-zero term are j = 0 and j = n − 1. Thus,
Now, both ξ and ξ − 2π belong to S n only if ξ ∈ [e n , b n ]. Hence, the first term of (3.10) is zero unless ξ ∈ [e n , b n ]. Similarly, both 2 n−1 ξ and 2 n−1 ξ − 2 · 2 n−1 π belong to S n only when 2 n−1 ξ ∈ [c n , d n ], which is equivalent to saying that ξ ∈ [e n , b n ]. That is, the second term of (3.10) is also zero unless ξ ∈ [e n , b n ]. Thus we get, t −1 (ξ) = 0 if ξ ∈ [e n , b n ]. Now on [e n , b n ], we have, by (3.8)
This completes the characterization.
There is another equation which characterizes all wavelets ψ such thatψ is supported in the set S n and the function b = |ψ| is even. For n = 2, the following proposition is proved in [5] (see Proposition 4.7, Chapter 3). We observe that the result can be extended to the general case. Proposition 3.3. Suppose that ψ is a wavelet of L 2 (R), b = |ψ|, and supp b ⊆ S n . Then b is almost everywhere even if and only if
which is (3.11).
Conversely, suppose that (3.11) holds. Since by (i) of Theorem 3.1, b is even on [a n , e n ], it is enough to show that b is even on the sets [e n , b n ] and [c n ,
This fact, together with (3.11), gives us
Substituting (3.13) and (3.15) in (3.14), we get
Comparing (3.16) and (3.1) we get b(ξ) = b(−ξ). This proves the proposition.
4. The wavelets associated with S n , n ≥ 3 are non-MRA A multiresolution analysis (MRA) is a sequence of closed subspaces {V j : j ∈ Z} of L 2 (R) satisfying the following properties:
A function ϕ that satisfies property (iv) is called a scaling function for the MRA. If ϕ is a scaling function for a given MRA, then it is easy to see that (see [5] ) there exists a 2π-periodic function m 0 in L 2 (T), called the low-pass filter, such that
The function m 0 satisfies the equation
Using (4.1) and (4.2), one can then construct a wavelet ψ associated with the MRA. For any such wavelet the following equation holds (see [5] for details):
We will now prove the last statement in Theorem 3.1. Proof: Let ψ be any wavelet such thatψ is supported in S n and let it be associated with an MRA. Let ϕ be the corresponding scaling function and m 0 be the low-pass filter associated with ϕ. Using (4.3) we can easily find that
Hence,
(4.5)
If |ξ| ≤ a n , then from (4.1) and (4.4), we have |φ(2ξ)| = |m 0 (ξ)|·|φ(ξ)| = |m 0 (ξ)|. Therefore, by (4.5), we obtain |m 0 (ξ)| = 1 if |ξ| ≤ an 2 . Since m 0 is 2π-periodic, we have
, which is a contradiction.
As above, we have
Now |φ(2ξ)| = |m 0 (ξ)| · |φ(ξ)| = |m 0 (ξ)| if |ξ| ≤ a n , by (4.6). Therefore, by (4.7),
Using the 2π-periodicity of m 0 , we get
Hence, on the interval 2 n−2 [−b n , −e n ], we have
But by (4.7), |φ(2ξ)| = 0 on 2 n−2 [−b n , −e n ], which is again a contradiction. Therefore, the wavelets characterized in Theorem 3.1 are non-MRA wavelets, if n ≥ 3.
The dimension functions of wavelets associated with S n
Let ψ be any wavelet of L 2 (R). Define V j to be the closure of the span of {ψ l,k : l < j, k ∈ Z}. If {V j : j ∈ Z} forms an MRA of L 2 (R), then we say that ψ is associated with an MRA, or ψ is an MRA-wavelet.
Not every wavelet of L 2 (R) is associated with an MRA. In the last section we proved that the wavelets associated with the set S n are non-MRA wavelets. The first example of a non-MRA wavelet, which is an MSF wavelet, was given by J.L. Journé. The associated wavelet set is J = − Given a wavelet ψ of L 2 (R), there is an associated function D ψ , called the dimension function, defined by
It was proved independently by Gripenberg and Wang that a wavelet ψ is an MRAwavelet if and only if D ψ = 1 a.e. For a proof of this fact see [5] . In this section we will compute the dimension functions for the wavelets characterized in Theorem 3.1. This will provide an alternative proof of the fact that these wavelets are not associated with any MRA. These dimension functions are symmetric with respect to the origin and attain all integral values starting from 0 to the maximum value. Also note that if n ≥ 3, then all wavelets whose Fourier transform is supported in S n have the same dimension function D n . We will prove the following proposition. 
a.e. if |ξ| ∈ 2 n −2 2 n −1 π, π = [e n , π]. Proof: For l ∈ Z, we define
Note that p 0 = a n , p 1 = 2p 0 = b n , p n = d n , q 1 = e n and q n = c n . Also observe that p l < q l+1 < p l+1 for all l ≥ 0. As D n is 2π-periodic, it is enough to compute its values for
, then by an elementary calculation we see
which is not in suppψ, and if j + m + 3 ≥ n + 1 then 2 j (ξ + 2kπ) ≥ d n , which shows that 2 j (ξ + 2kπ) ∈ suppψ. Now if k ≥ 2 n−2 , then ξ + 2kπ ≥ d n . Thus, we have proved that if k ≥ 1, then 2 j (ξ + 2kπ) ∈ suppψ for all j ≥ 1. Similarly, we can show that if k ≤ −2, then 2 j (ξ + 2kπ) ∈ suppψ for all j ≥ 1. Therefore, we have only to consider k = 0, −1.
A similar argument as in the case of 2 j ξ shows that 2
We now proceed to compute D n on other sets. Observe that
As in the above cases, we can show that if k ≤ −2 n−2 , or if
, then 2 j (ξ + 2kπ) ∈ suppψ for all j ≥ 1 unless j = n − m − 2. Hence, in the sum D − n (ξ), we have only to consider j = n − m − 2 (0 ≤ m ≤ n − 3) and k = −2 m . Thus,
In a similar manner, we can show that
2 n −1 π , l ≥ n By a straightforward calculation, one can show that if l ≥ n, then
Therefore,ψ
Hence, we get D
2 n −1 π , l = 2 As in Case 2, it can be shown that 2
j ξ ∈ suppψ if j = 1; and if ξ belongs to the
We can write 2 n−m−2 ξ ∈ 
n−2 π ∈ suppψ only when p ≤ −1. So in order thatψ(2 n−m−2 ξ ±2·2 n−2 π) = 0, we must have p = n−m−l−1 ≤ −1, i.e., m ≥ n−l. We also have, 0 ≤ m ≤ n−3.
By (3.5), the second sum on the right hand side of the last equality above is equal to l − 2. Also as in the previous cases, the first sum can be shown to be equal to 1. Hence, D n (ξ) = l − 1.
Remark 5.2. In [4] MSF wavelets were considered where they were called unimodular wavelets. Let ψ be an MSF wavelet and K = suppψ. Define
. One of the results proved in [4] is about wavelets ψ such that K − = −K + and K + consists of two disjoint intervals. They proved the following:
Moreover, each MSF wavelet for which K − = −K + , and K + is a union of two disjoint intervals is of this form.
If we define b = χ [en,π] on [e n , b n ], and extend it to S n by using (i)-(iv) of Theorem 3.1, then we get the wavelets described in (A). In particular, for n = 3, the corresponding wavelet is the Journé wavelet. The paper [4] also contains the following result.
(B) Letψ(ξ) = µ(ξ)χ K (ξ) where
. Moreover, each MSF wavelet for which K − is an interval and K + is the union of two disjoint intervals is of this form.
If we define b(ξ) = 0 on the interval [e n , b n ] and extend it to S n by using (i)-(iv) of Theorem 3.1, then we get
which corresponds to the case p = 2 n−2 − 1 in (B). In particular, for n = 3, we get the Lemarié wavelet.
Equivalence classes of wavelets
First of all, we recall the equivalence relation on the set of all wavelets of L 2 (R) defined in [12] . Let ψ be a wavelet of
Then, it is easy to verify that the subspaces V j , j ∈ Z satisfy the following properties: : m ∈ Z} and the group G ∞ = {T α : α ∈ R}. Let L n be the collection of all wavelets such that the corresponding space V 0 is invariant under the group G n . Then we have
An equivalence relation can now be defined on the set of all wavelets. The equivalence classes are given by M n = L n \ L n+1 , with M ∞ = L ∞ . Therefore, M n , n ≥ 0 is the class of wavelets such that V 0 is invariant under the group G n but not under G n+1 .
In [12] Weber proved the following facts.
2. M ∞ is precisely the collection of all MSF wavelets. For the classes M n , n ≥ 1 the following characterization is given. 3. The equivalence class M n , n ≥ 1 consists of all wavelets ψ such that suppψ is not partially self-similar with respect to any odd multiple of 2 k π, k = 1, 2, . . . , n, but is partially self-similar with respect to some odd multiple of 2 n+1 π.
Definition 6.1. [12] A set E is said to be partially self-similar with respect to α ∈ R if there is a set F of positive measure such that both F and F + α are subsets of E.
In the same paper, Weber produced examples of wavelets belonging to the first few equivalence classes M n , namely for n = 0, 1, 2 and 3. This motivated us to construct wavelets belonging to each equivalence class M n . After we constructed these wavelets we became aware of the article [10] , in which S. Schaffer and E. Weber constructed wavelets for the classes M n , n ≥ 1 by using the method of "operator interpolation" (see [2] ). In fact, they did this for other dilation factors as well. In this section we will construct wavelets belonging to each of the classes M n , n ≥ 0 by a different method. Our approach is simpler than that of [10] in the sense that for each n ≥ 3, we construct a function ψ n such that ψ n has the required properties to be in M n−2 as characterized by Weber. Then we show that ψ n is a wavelet. Further, we construct a family of wavelets belonging to the equivalence class M 0 .
Note that, in view of the characterization of M n , to prove that ψ n ∈ M n−2 , it is sufficient to show that ψ n satisfies the following two conditions. a. (suppψ n ) ∩ (suppψ n + 2 k qπ) = ∅ for all q ∈ 2Z + 1 and k = 1, 2, . . . n − 2. b. There exists a subset E of suppψ n such that E + 2 n−1 qπ ⊂ suppψ n for some q ∈ 2Z + 1.
6.1. Construction of wavelets in M n , n ≥ 1. Our starting point is the MSF wavelet γ n , n ≥ 3 given via its Fourier transform:
The wavelet γ n belongs to the class of band-limited wavelets characterized in Theorem 3.1 (see Remark 5.2(B) ).
We will construct ψ n from this function in the following manner. We translate the interval [ toψ n on both these sets. Then, we translate [a n , e n ] to the right by a factor of 2 n π and assign toψ n the value
on [a n , e n ] and −
on [a n , e n ] + 2 n π. Assign the value 1 toψ n on the remaining sets of W n and 0 elsewhere. More precisely, we have the following function.
Let us make some observations about the set F n = suppψ n . It is easy to verify the following facts, stated in a tabular form for easy reference.
Theorem 6.2. For each n ≥ 3, the function ψ n defined above is a wavelet and belongs to the equivalence class M n−2 .
Proof: To prove that ψ n is a wavelet, it is sufficient to show that ψ satisfies the following three properties (see Theorem 1.1).
3. t q (ξ) := j≥0ψ n (2 j ξ)ψ n (2 j (ξ + 2qπ)) = 0 for a.e. ξ ∈ R and for all q ∈ 2Z + 1. Proof of (1):
We have
e n 2 − a n 2 + (e n − a n ) + e n 2 − a n 2 + (e n − a n ) = b n − a n + d n − c n + e n − a n = 2π.
Therefore, ψ n 2 = 1.
Proof of (2):
Let ξ > 0. Since ρ(ξ) = ρ(2ξ), it is enough to show that ρ(ξ) = 1 for a.e. ξ ∈ [α, 2α] for some α > 0. We will prove that ρ(ξ) = 1 for a.e. ξ ∈ [a n , 2a n ] = [a n , b n ] = [a n , e n ] ∪ [e n , b n ].
Suppose ξ ∈ [a n , e n ]. Then 2 j ξ ∈ F n only when j = 0, −1.
For ξ < 0, it suffices to show that ρ(ξ) = 1 on [−b n , −a n ]. In fact, from the table it is clear that if ξ ∈ [−b n , −a n ], then 2 j ξ ∈ F n only when j = 0. So, ρ(ξ) = |ψ n (ξ)| 2 = 1 for a.e. ξ ∈ [−b n , −a n ]. Thus, we have proved that ρ(ξ) = 1 for a.e. ξ ∈ R.
Proof of (3):
We now have to prove that t q (ξ) = j≥0ψ n (2 j ξ)ψ n (2 j (ξ + 2qπ)) = 0 for a.e. ξ ∈ R and for all q ∈ 2Z + 1.
Since t q (ξ) = t −q (ξ + 2qπ) (see (3.9) , it is enough to show that t q = 0 a.e., if q is a negative odd integer. Suppose q = −1, and is odd. We have 2 j q = 0, ±2 n−1 ± 2 n−2 . Therefore, if 2 j ξ ∈ F n , then from the table we observe that 2 j ξ + 2 · 2 j qπ ∈ F n , which shows that each term of the sum t q (ξ) is 0. Hence, t q = 0 a.e.
It remains to prove that t −1 (ξ) = 0 for a.e. ξ ∈ R.
From the table (see the 8th and 6th row), we observe that both 2 j ξ and 2 j ξ − 2 · 2 j π belong to F n only in the following two cases :
(i) 2 j ξ ∈ [a n + 2 n π, e n + 2 n π] and j = n − 1. But both are equivalent to saying that 2 n−1 ξ ∈ [a n + 2 n π, e n + 2 n π]. So we get t −1 (ξ) = 0, if 2 n−1 ξ ∈ [a n + 2 n π, e n + 2 n π]. Now if 2 n−1 ξ ∈ [a n + 2 n π, e n + 2 n π], then t −1 (ξ) =ψ n (2 n−2 ξ)ψ n (2 n−2 ξ − 2 n−1 π) +ψ n (2 n−1 ξ)ψ n (2 n−1 ξ − 2 n π)
We have proved that t q (ξ) = 0 for a.e. ξ ∈ R and for all q ∈ 2Z + 1. Therefore, ψ n is a wavelet. Our claim now is that ψ n ∈ M n−2 . For this, we have to show that (a) F n ∩ (F n + 2 k qπ) = ∅ for all q ∈ 2Z + 1 and k = 1, 2, . . . n − 2; and (b) there exists a subset E of F n such that E + 2 n−1 qπ ⊂ F n for some q ∈ 2Z + 1.
As 2 k qπ = 2 · 2 k−1 qπ, by referring to the table we observe that if ξ ∈ F n , then ξ + 2 · 2 k−1 qπ ∈ F n (since q is odd and k − 1 ≤ n − 3). So (a) is proved. To prove (b) consider E = [ ] + 2 n−1 π ⊂ F n . Since n ≥ 3, we have proved that the equivalence classes M n , n ≥ 1 are nonempty.
6.2. A family of wavelets belonging to the class M 0 . For n ≥ 3, let a n , b n , c n , d n and e n be as above. Define the function b on [e n , b n ] as follows.
Then we extend b to the whole of S n by using (i)-(iv) of Theorem 3. Weber [12, Theorem 4 ] also proved that a wavelet ψ ∈ L 1 only if suppψ is not partially self-similar with respect to any odd multiple of 2π. In view of this result, to show that w n ∈ M 0 = L 0 \ L 1 , we only have to find a set H n in supp w n such that H n + 2qπ is also a subset of supp w n , for some odd integer q. n−1 π, en 2 + 2 n−1 π], 2 2 ξ ∈ [a n , e n ], and 2 2 (ξ + 2 ·2 n−3 π) ∈ [a n + 2 n π, e n + 2 n π]. (ii) For wavelets of §6.2: Since supp w n ⊆ S n , the wavelets w n are non-MRA wavelets, by Theorem 3.1.
